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Abstract. For any topological group G the dual object G is defined as the set of 
equivalence classes of irreducible unitary representations of G equipped with the Fell 
topology. If G is compact, G is discrete, and we investigate to what extent this 
remains true for precompact groups, i.e. for dense subgroups of compact groups. We 
find that: (a) if G is a metrizable precompact group, then G is discrete; (b) if G is 
a countable non-metrizable precompact group, then G is not discrete; (c) every non- 
metrizable compact group contains a dense subgroup G for which G is not discrete. 
This generalizes to the non-Abelian case what was known for Abelian groups. 

Kazhdan's property (T) can be defined in similar terms, but we must consider 
representations without non-zero invariant vectors rather than irreducible represen- 
tations. If G is any countable Abelian precompact group, then G does not have 
property (T), although G is discrete if G is metrizable. 



1. Introduction 

For a topological group G let G be the set of equivalence classes of irreducible 
unitary representations of G. The set G can be equipped with a natural topology, the 
so-called Fell topology (see Section |2] for a definition). 

A topological group H is precompact if it is isomorphic (as a topological group) 
to a subgroup of a compact group G (we may assume that H is dense in G). If G is 
compact, then G is discrete. If if is a dense subgroup of G, the natural mapping G ^ H 
is a bijection but in general need not be a homeomorphism. In the present paper we 
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investigate the following question: if G is a compact group and H is a dense subgroup 
of G, under what conditions is the natural mapping G ^ H a homeomorphism? 
Equivalently, for what precompact groups H is H discrete? 

In the Abelian case the situation has been clarified in the work of several au- 
thors. If G is an Abelian topological group, G can be viewed as the group of all 
continuous homomorphisms G — > U(l) equipped with the compact-open topology, 
where U(l) = {z E C : \z\ = 1}. Following [6j, we say that a dense subgroup if of a 
topological Abelian group G determines G if the restriction homomorphism G ^ H 
is a topological isomorphism. If every dense subgroup of G determines it, then G is 
called determined. A cornerstone for this topic is the following fact established by 
Aussenhofer [1] and, independently, Chasco [1]: every metrizable Abelian group G is 
determined. Moreover, if G is a compact metrizable Abelian group and H is dense in 
G, the proof of AuBenhofer- Chasco theorem shows that there exists a compact subset 
K of H such that 



= {xeG -.Vx e K \x{x) -1\<V2} = {e}. 



Therefore, there is a single compact subset K in H that equips G with the discrete 
topology. The compact set K can be chosen as the set of points of a sequence converging 
to the unity e. This result is analogous to the classical Banach-Dieudonne theorem 
[31 IV.24]: If is a metrizable locally convex space, the compact-open topology on its 
dual E' coincides with the topology of Dl- convergence, where 91 is the collection of all 
compact subsets of E each of which is the set of points of a sequence converging to 0. 

Comfort, Raczkowski and Trigos-Arrieta [S] noted that AuBenhofer- Chasco theo- 
rem fails for non-metrizable Abelian groups G even when G is compact. More precisely, 
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they proved that every non-metrizable compact Abehan group G of weight > c con- 
tains a dense subgroup that does not determine G. Hence, under the assumption of 
the continuum hypothesis, every determined compact Abehan group G is metrizable. 
Subsequently, it was shown in [13] that the result also holds without assuming the 
continuum hypothesis (see also [7]). 

Our goal is to extend the results quoted above to compact groups that are not 
necessarily Abelian. 

A certain extension of the AuBenhofer-Chasco theorem to non-Abelian groups is 
due to Lukacs [17] . He proved the following. Let G be a metrizable group, H a dense 
subgroup of G, and L a compact Lie group. Then the spaces of continuous homomor- 
phisms GHom{G, L) and GHom{H, L), equipped with the compact-open topology, are 
naturally homeomorphic. 

Let if be a dense subgroup of a compact group G. We say that H determines 
G if if is discrete. A compact group G is determined if every dense subgroup of G 
determines G. 

The Fell topology is defined on every set TZ of equivalence classes of unitary 
representations (which may be reducible) of a given topological group G. Let 1g 
be the class of the trivial representation. The group G has property (T) if Iq is 
isolated in 7?. U {1g} for every set TZ of equivalence classes of unitary representations 
of G without non-zero invariant vectors. According to Proposition 1.2.3 in this 
definition is equivalent to the definition of property (T) in terms of Kazhdan pairs 
which we remind below in Section [2l Compact groups have property (T), and we are 
interested in property (T) for precompact groups. 

We now formulate our main results. 



4 M. FERRER, S. HERNANDEZ, AND V. USPENSKIJ 

Theorem 13.11 If H is a precompact metrizable group, then H is discrete. 

Equivalently, every metrizable compact group is determined. This extends to 
non-Abehan compact groups the resuh obtained by Aussenhofer and Chasco [H H] for 
Abehan metrizable groups. 

Theorem 14. 1[ If H is a countable precompact non-metrizable group, then 1h is 
not an isolated point in H. 

It follows that every countable precompact group with property (T) is metrizable. 
This implies Wang's result [22]: if a discrete group H has property (T), then its Bohr 
compactification hH is metrizable. 

Theorem 14.11 also shows that if H is a countable dense subgroup of a non- 
metrizable compact group G, then H does not determine G. 

Theorem 14. 2[ If G is a non-metrizable compact group, then G has a dense 
subgroup H such that H is not discrete. 

Together with Theorem 13.11 this shows that a compact group is determined if and 
only if it is metrizable. This extends to non-Abelian compact groups the results given 
by Comfort, Raczkoski and Trigos-Arrieta [6], Hernandez, Trigos-Arrieta and Macario 
[T3] . and Dikranjan, Shakhmatov [7J for Abelian compact groups. 

Theorem 15.11 If H is a countable Abelian precompact group, then H does not 
have property (T). 

We do not know whether there exists a non-compact precompact Abelian group 
with property (T) (Question 16. ip . According to Theorem 15.11 such a group must be 
uncountable. 
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2. Preliminaries: Fell topologies and property (T) 

All topological groups are assumed to be Hausdorff. For a (complex) Hilbert 
space Ti the unitary group U{'H) of all linear isometrics of "H is equipped with the 
strong operator topology (this is the topology of pointwise convergence). Then U{'H) 
is a topological group. 

A unitary representation p of the topological group G is a continuous homomor- 
phism G — > UiTi), where H is a complex Hilbert space. A closed linear subspace 
C "H is an invariant subspace for S C U{'H) if ME C E for all M E S. If there 
is a closed subspace E with {0} C C "H which is invariant for iS, then S is called 
reducible] otherwise S is irreducible. An irreducible representation of G is a unitary 
representation p such that p{G) is irreducible. 

li H = C", we identify U{'H) with the unitary group of order n, that is, the 
compact Lie group of all complex n x n matrices M for which = M* . We denote 
this group by U(n). 

Two unitary representations p : G ^ U{'Hi) and ip '■ G ^ U{'H2) are equivalent if 
there exists a Hilbert space isomorphism M : Tii — )■ 7^2 such that p{x) = M~^il){x)M 
for all X ^ G. The dual object of a topological group G is the set G of equivalence 
classes of irreducible unitary representations of G. 

If G is a precompact group, the Peter- Weyl Theorem (see [H]) implies that 
all irreducible unitary representation of G are finite-dimensional and determine an 
embedding of G into the product of unitary groups U(n). 

The Bohr topology on a topological group G is the finest precompact group topol- 
ogy that is coarser than the given topology on G. The Bohr compactification of G is 
the completion of G equipped with the Bohr topology. 
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If p : G — 7- U{'H) is a unitary representation, a complex- valued function f on G 
is called a function of positive type (or positive- definite function) associated with p if 
there exists a vector v E Ti such that f{g) = {p{g)v,v) (here (■, ■) denotes the inner 
product in Ti). We denote by Pp be the set of all functions of positive type associated 
with p. Let Pp be the convex cone generated by P'p, that is, the set of sums of elements 

ofp;. 

Let G be a topological group, TZ a set of equivalence classes of unitary represen- 
tations of G. The Fell topology on TZ is defined as follows: a typical neighborhood of 
[p] G TZ has the form 

Wifi, ■■■ ,fn,G,e) = {[a]en: 3g,, . . . , g^ e P, \/x e G \f,{x) - g,{x)\ < e}, 

where /i,--- ,/« G Pp (or G P'p), C is a compact subspace of G, and e > 0. In 
particular, the Fell topology is defined on the dual object G. If G is locally compact, 
the Fell topology on G can be derived from the Jacobson topology on the primitive 
ideal space of G*{G), the C*-algebra of G [HI section 18], [21 Remark F.4.5]. 

Let TT be a unitary representation of a topological group G on a Hilbert space T-L. 
Let F C G and e > 0. A unit vector t> G 7^ is called (F, e)-invariant if ||7r((7)f — f || < e 
for every g & F. 

A topological group G has property (T) if there exist a pair {Q,e) (called a 
Kazhdan pair), where Q is a compact subset of G and e > 0, such that for every 
unitary representation p having a unit (F, e)-invariant vector there exists a non-zero 
invariant vector. This definition is equivalent to the one given in the previous section 
[21 Proposition 1.2.3]. 
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We refer to Fell's papers P HO] , the classical text by Dixmier [8] and the recent 
monographs by de la Harpe and Valette [12], and Bekka, de la Harpe and Valette [2] 
for basic definitions and results concerning Fell topologies and property (T). 

3. PRECOMPACT METRIZABLE GROUPS 

The aim of this section is to prove the following 
Theorem 3.1. If G is a precompact metrizable group, then G is discrete. 

We view G as a dense subgroup of a compact metrizable group K. Integrals 
over K will be taken with respect to the normalized Haar measure on K. The Hilbert 
space L'^{K) is constructed with the aid of the same measure. Up to equivalence, 
there are countably many irreducible unitary representations of K. Enumerate them 
as Pi, 2 G N, let Xi be their characters, di their dimensions. Let P/ = P^. be the 
corresponding set of functions of positive type, let Pj be the convex cone generated 
by P/, and let Qi C C{K) be the linear space generated by Pj. The spaces Qi are 
finite-dimensional (dimQi = df) and pairwise orthogonal in the Hilbert space L'^{K). 
Let Ni = {f E Pi : /(e) = 1} be the space of normalized functions in Pj. This is a 
compact subset of the cone Pj. Let hi = Xi/di & Ni be the normalized character. 

Recall that a function on G is central if it is constant on conjugacy classes. 

Lemma 3.2. The only central functions in Qi are the functions cXi, c G C. 

Proof. Any central function G is the sum in L?'{K) of the series ^c^Xj, where 
Cj = gxj- Since Qi ± Qj, we have Cj = for all j 7^ i □ 
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Lemma 3.3. Let X he compact, D a dense subset of X , F a compact subset of C{X). 
If g & C{X) is at the distance > e from F, there exists a finite subset Y (1 D such that 
the distance from qIy to F\y in C{Y) is > e. □ 

Lemma 3.4. Let V be a measurable subset of K. Then JyXi ^ ^ as i ^ oo. 

Proof. The integrals jy Xi are the scalar products of the characteristic function of V 
with the terms of the ortho normal sequence (xi) in L'^{K). □ 

Lemma 3.5. Let V K be a compact neighborhood of the identity e that is invariant 
under inner automorphisms of K. Let f G C{K) be a continuous central function. Let 
hi = Xi/di E Ni. Then the distance from f\v to hi\v in the space C{V) is the same as 
the distance from f\v to the compact set Ni\v. 

Proof. Let h ^ Ni he such that h\v is as close to f\v as possible. Averaging over K 
(that is, replacing h by h' defined by h'{x) = jy^j^ h{yxy^^)) we get a central function 
in Ni at the same distance from f\v- According to Lemma [3^ the only central function 
in Ni is hi = Xi/di- □ 

We now are ready to prove Theorem 13.11 

Proof. Recall that we view G as a dense subgroup of a compact metrizable group K. 
Pick a bi-invariant (= invariant under left and right translations, hence also under 
inner automorphisms) metric b on K. We denote by K the closed e-ball (with respect 
to b) centered at the neutral element e. We use the notation introduced above. 

We can identify the sets G and K (not taking the topology of these sets into 
account). Let p be an irreducible unitary representation of K. We must show that [p] 
is an isolated point in G. 
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Let X — Xp be the character of p, and d — dp its dimension. Consider the 
normahzed character h = x/d. Pick e > such that ^h{x) > 2/3 for every x E V^. Let 
V = V^. Since /y Xi ~^ (Lemma 13 ■4p . for all sufficiently large indices i there exists a 
point Xi E V such that ^Xi{^) ^1/3- Choose Xi as close to e as possible. Applying 
the same argument for any smaller value of e, we see that Xi — ?• e. 

Let hi = Xi/di and = b{xi,e). We have ei — )■ 0. Pick > Cj so that e- — )■ 0. 
Denote Vi = K^, V"/ = K^ Then \h{xi) — hi{xi)\ > 1/3 and hence dist (/i|y., /ij|y.) > 1/3. 
It follows from Lemma [3.51 that dist (/i|y., A^j|y.) > 1/3. We claim that there exists a 
finite set Fi C V/ H G such that dist A^j|ir-) > 1/3. If Vi is the closure of its 
interior, then fl G is dense in Vi, and it follows from Lemma [3.31 that we can find 
Fi C ViCiG with the required property. In general we apply Lemma 13.31 to the closure 
of the interior of in place of X. 

Since e- — )■ 0, the union F of all the Fj's plus the point e is a compact subset 
of G. If fi G Pi is such that the sequence (/jIf) uniformly converges to h\F, then 
fi{e) — 7- 1, and normalizing each fi (that is, replacing each fi by // = fi/ fi{e)) we get 
a normalized sequence (//) such that // G Ni and (//|f) uniformly converges to h\F. 
This is impossible, since dist (/i|i?, A^j|i?) > dist (/i|ir-, A'jii? ) > 1/3. We have proved 
that the neighborhood W{h\G, F, 1/3) of [p] contains only finitely many elements of G. 
Since G is a Ti-space (this follows, for example, from Lemma [373|l . it follows that G is 
discrete. □ 

The compact set F = Fp ^ G that we constructed in the proof above is the set of 
points of a sequence converging to e. It depends on the point [p] G G the neighborhood 
of which we are constructing. We observe that there exists a single compact subset 
Q C G such that for every [pi] G G the neighborhood W{hi\G,Q, 1/3) of [pi] in G is 
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finite. It suffices to delete a finite set from eacli Fp. in sucli a way that the union 
Q — \J{Fp.\ Di) is the set of points of a sequence converging to e. 

4. Countable precompact groups 
In this section we prove the following: 

Theorem 4.1. If H is a countable precompact non-metrizable group, then 1h is not 
an isolated point in H. 

Theorem 4.2. If G is a non-metrizable compact group, then G has a dense subgroup 
H such that H is not discrete. 

For a topological group G let G„ C G be the set of classes of n-dimensional irre- 
ducible unitary representations. We denote by w{X) the weight (= the least cardinahty 
of a base) of a topological space X. 

Proposition 4.3. Let G be a topological group. Suppose that there exists an integer n 
such that w{K) < for every compact subset K of G. Then there exists an integer 
m such that Iq is not an isolated point in G^ U {1g}- 

Proof. Let J^n be the set of classes of all n-dimensional unitary representations of G 
(which may be reducible). Let TZn C Tn be the set of classes of all n-dimensional 
representations without non-zero invariant vectors. Let k = n^. We first prove that 1^ 
is not isolated in TZ^ U {1g}- 

Let F be a compact subset of G and e > 0. It suffices to prove that there 
exists a /c-dimensional representation r of G without non-zero invariant vectors and 
a function / e such that \f{x) — 1| < e for every x & F. Equip U(n) with 
any compatible bi-invariant metric, and equip G{F, U(n)) with the sup- metric. Since 
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w{C{F, \]{n))) = w{F) < \Gn\, for every 5 > we can find two homomorphisms 
Pi, P2 '■ G — i- U(n) which are 5-close on F and determine non-equivalent irreducible 
representations of G on C" (see [H]). Indeed, the compact group V{n) isometrically 
acts on G{F, l]{n)) by conjugation, and the orbit space can be identified as a set with 
J^n- Equip J^n with the quotient metric (which need not be compatible with the Fell 
topology). Then the weight of the resulting metric space is < w{F) < \Gn\, hence the 
subset Gn cannot be discrete and contains a pair of distinct 5-close points [pi], [p2]- 
The distance between [pi] and [p2] in G„ is equal to 

inf{dist (pi, Ap2A-^) : A e V{n)}, 

so replacing if necessary p2 by an equivalent representation, we may assume that pi 
and p2 are 5-close, as claimed. 

Let E = EndC" be the n^-dimensional Hilbert space of endomorphisms of C". 
The scalar product on E is given by the formula {A,B) = Tr {AB*)/n. The formula 
T{g)A = pi{g)Ap2^{g) {g E G, A E E) defines a unitary representation of i^' on ii^ 
that does not contain non-zero invariant vectors. Indeed, if T{g)A = A for all A E E , 
then A intertwines pi and p2 and hence is zero in virtue of Shur's Lemma 

Let 

f{g) = -TT{p,{g)p^\g)) = {T{g)I,I), 
n 

where I E E denotes the identity mapping on C". Then f E Pr is a function of positive 
type associated with r. If 5 > is small, then Pi{g)p2^{g) is in a small neighborhood 
of 1 in \]{n) and hence \f{g) — 1\ < e for every g E F. 

We have just shown that there exists a fc-dimensional unitary representation of 
G without non-zero invariant vectors but containing an (F, e)-invariant unit vector v. 
Writing the representation as a direct sum of s irreducible representations, we can write 
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V = Vi + ■ ■ ■ + Vsi where s < k, the vectors Vi, . . . ,Vs are pairwise orthogonal, and each 
of them is moved by every g & F hj less than e. Since ^ WviW^ = 1, one of the vectors 
Vi has length > l/\/k = 1/n. Suppose it is the vector vi. Then fi/||fi|| is a unit vector 
which is (F, ne) invariant. This shows that Iq is not isolated in lJ2<m<fc U {1g} and 
hence also in some Gm U {1g}- 

□ 

Our proof yields the following result of Wang [22] : 
Corollary 4.4. Let G be a discrete group such that 1g is an isolated point in |J Gn- 

neN 

Then Gn is finite for all n G N. 

Proposition 14.31 also implies the following 

Theorem 4.5. Let G he topological group, k a cardinal such that w{K) < k, for every 
compact subset ofG. Iflc is an isolated point in Gnl-iila} for every n, thenw{bG) < k, 
where bG is the Bohr compactification of G. 

Proof. According to Proposition 14. 3^ IG^I < k for every n. The compact group bG 
therefore has < k non-equivalent irreducible unitary representations and hence has 
weight < K in virtue of the Peter- Weyl theorem. □ 

The case n = u oi the previous theorem deserves to be explicitly stated: 

Corollary 4.6. Let G be topological group such that every compact subset of G is 
metrizable. If Iq is an isolated point in Gn U {1g} for every n, then the Bohr compact- 
ification of G is metrizable. 
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Note that this Corollary implies the following assertion which is stronger than 
Theorem 14.11 if G is a non-metrizable precompact group such that all compact subsets 
of G are metrizahle, then Iq is not an isolated point in G. 

Our proof of Theorem 14.21 is based on the following 

Lemma 4.7. Every compact group of weight ui has a dense countable subgroup. 

Proof. A proof can be found e.g. in [5]. For the reader's convenience we remind the 
proof. A compact space X is dyadic if there exists a mapping 2^^ — X of a Cantor 
cube 2** onto X . All compact groups are dyadic (moreover, any compact G^-subset of 
any topological group is dyadic, see [201 121]), and any dyadic compact space of weight 
< c = 2"^ is separable, being an image of the separable space 2^ □ 

We now prove the following stronger version of Theorem 14. 2t If G is a non- 
metrizable compact group, then G has a dense subgroup H such that 1h is not isolated 
in H. 

Embedding G into the product of unitary groups, we see that there exists a 
continuous homomorpism f : G ^ G' onto a compact group of weight Ui. Let H' be a 
dense countable subgroup of G' (Lemma l4.7p . and let H = f^^{H'). Since / is open, H 
is dense in G. According to Theorem 14. 11 Ih' is not isolated in H'. Since f* : H' ^ H 
is continuous, sends 1h' to Ih and H' \ {1h'} to H \ {Ih}, it follows that Ih is not 
isolated in H. 

5. The property (T) 

The Kazhdan property (T) for topological groups was introduced in This 
property has several consequences on the structure of the groups that satisfy it. For a- 
compact locally compact groups Property (T) is equivalent to the fixed point property 
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for isometric affine actions on real Hilbert spaces [21 Theorem 2.12.4]. See I21E1II2] for 
further details on this important topic. 

We saw that for every metrizable precompact group G the dual G is discrete 
(Theorem 13.11) . In contrast, we have the following result. 

Theorem 5.1. If G is an Ahelian, countable precompact group, then G does not have 
property (T). 

The result is no longer true if "Abelian" is dropped. Indeed, certain compact Lie 
groups admit dense countable subgroups which have property (T) as discrete groups 
[21 Theorem 6.4.4] and hence also as precompact topological groups. 

We begin with the following characterization of property (T) for precompact 
groups. 

Theorem 5.2. Let H he a dense subgroup of a compact group G. Then H has property 
(T) if and only if the following condition holds: there exist a compact subset K (1 H 
and e > such for every function f of positive type with zero integral over G (with 
respect to the Haar measure) the distance from fix to 1 in the space C{K) (with respect 
to the sup-norm) is > e. 

Proof. Functions of positive type on G are the functions of the form g i— )■ {p{g)v,v) 
associated with unitary representations p of G (here f is a vector in the Hilbert space "H 
of the representation). If a representation p does not contain the trivial representation 
(that is, there are no non-zero invariant vectors), the integral of {p{g)v, v) over G is zero, 
for every v E (this follows, for example, from orthogonality relations). Conversely, 
if the integral of f{g) = {p{g)v,v) is zero, then v lies in Tii = H^, where 7^2 ^ is 
the subspace of invariant vectors. Therefore / is associated with a representation on 
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Vi without non-zero invariant vectors. The theorem now follows from the definition 
of property (T), taking into account that the continuous unitary representations of G 
and H are in a one-to-one correspondence. □ 

Corollary 5.3. Let G be a dense subgroup of a compact group H. If G has property 
(T), then there exist a compact subset K ^ G, a real (signed) measure fi on K and a 
real number c such that for every real function f of positive type on H with /(e) = 1 
and zero integral over H we have 

/ ff^<c< / 
Jk J k 

Proof. Consider the convex set P of all real functions / of positive type on H such that 
Jfj f = and /(e) = 1. Let K C G he a. compact subset with the property described 
in Theorem 15.21 According to the theorem, the image of P under the restriction map 
/ /Ia' is at a positive distance from 1. The Hanh-Banach theorem implies that 1 
can be separated from the convex set P\k by a linear functional. □ 

Following Lubotzky and Zimmer [16], if 7^ is a set of classes of representations of 
G, we say that G has Property (T) with respect to TZ if 1^ is isolated in 7^ U {1g}- 

Remark 5.4. Let G be a precompact group, and let Gd denote the same group with the 
discrete topology. Let IZ be the set of equivalence classes of finite-dimensional unitary 
representations of G without non-zero invariant vectors. It is readily seen that the 
proof of Theorem 15.21 shows that Gd has property (T) with respect to TZ if and only if 
there exist a finite subset K 'O G and e > such that for every function / of positive 
type with zero integral over the completion of G the distance from f\x to 1 in the 
space C{K) (with respect to the sup- norm) is > e. 
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Theorem 5.5. Let G be a precompact group such that every compact subset of G is 
countable, and let Gd be the same group equipped with the discrete topology. Let TZ be 
the set of equivalence classes of finite- dimensional unitary representations of G without 
non-zero invariant vectors. The following assertions are equivalent: 

(a) G has property (T); 

(b) Gd has property (T) with respect to IZ. 

Proof, (b) ^ (a) is clear. 

(a) ^ (b). Let H be the completion of G. Suppose that G has property (T) 
but Gd does not have property (T) with respect to TZ. Let P be the convex set that 
was used in the proof of Corollary 15.31 P is the set of all real- valued functions / of 
positive type on H with zero integral and such that /(e) = 1. Using Corollary 15.31 find 
a compact set C G such that Iji^- is not in the weak closure of the convex set P\k in 
the Banach space G{K) (the weak closure and the norm closure are the same because 
of convexity, see [19], Theorem 3.12]). Since all compact susbets of G are countable, 
we can write K as the set of points of a sequence (x„). According to Remark 15.41 for 
every finite subset F of G and e > there exists f E P such that the distance from 
f\F to 1\f in the space G{F) is < e. Applying this to initial segments of the sequence 
(x„), we obtain a sequence (/„) of functions G P that converges pointwise to 1 on K. 
All functions in P are uniformly bounded by 1, so Lebesgue's dominated convergence 
theorem implies that the sequence (/„) weakly converges to 1 in C{K). Therefore, 1\k 
is in the weak closure of P\k, contrary to our assumption. □ 

We are now in a position to prove Theorem 15.11 

// G is an Abelian, countable precompact group, then G does not have property 

(T). 
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Proof. Let H be the completion of G. In virtue of Theorem I5.5[ we must verify that Gd 
does not have property (T) with respect to TZ, where TZ is the same as in Theorem I5.5[ 
It suffices to prove that for every finite set F C G and e > there is a continuous 
character x : if — t- U(1), X 1; such that \x{x) — 1| < e for every x E F. 

Assume the contrary. Let F C G be a finite set such that for some e > 
and every x ^ \ {1} the restriction x\f is at the distance > e from 1\f. Then 
the restriction homomorphism X ^ x\f from H to ILJ(l)^ is one-to-one and must 
be a homeomorphism onto its image, since our assumption means that its inverse is 
continuous at 1. This is a contradiction, since the compact group I[J(1)^ cannot have 
infinite discrete subgroups. □ 



6. Questions 

Question 6.1. Does there exist a non-compact precompact Abelian group with property 
(T)? 

In virtue of Theorem 15.11 such a group must be uncountable. 

The definition of the Fell topology, given in [2| and used in the present paper, 
is not the same as the definition given in [18]. Using the notation of Section O the 
difference is the following. In [18], functions /i, . . . , /„ G P'^ of positive type are ap- 
proximated by functions gi, . . . ,gn G P^ of positive type rather than by their sums 
G Pp that we allowed. For locally compact groups G the two definitions of the Fell 
topology on G agree, according to [2[ Proposition F.1.4]. 



Question 6.2. Do the two definitions of the Fell topology on G agree for every topo- 
logical group ? For every precompact group ? 
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